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Background for the study

The four basic arithmetic operations are fundamental to further
learning in mathematics. It is therefore crucial that students
acquire solid knowledge and skills in these operations during
primary school. In the Norwegian school system, multiplication is
introduced in Grade 3 (ages 7-8) ([1]).

Teachers’ competence is important in the challenging and
complex process of teaching mathematics. More specifically,
specialized content knowledge in mathematics is essential for
teachers to teach mathematics effectively ([9]). Teachers who have

developed advanced levels of s

pecialized content knowledge are

better equipped to understand students’ thinking and to interpret

the solutions students produce (
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Several studies have examined how prospective teachers apply
multi-digit multiplication algorithms ([3]) and have concluded
that they experience difficulties in understanding these algorithms.

However, there is limited research on how prospective teachers
solve multiplication problems that do not require the use of
algorithms. Therefore, in the present study,

we investigate how 46 prospective teachers enrolled in
the primary teacher education program (Grades 1-7) solve
multiplication tasks that do not require the use of a
multiplication algorithm.

NORD

University

/1) @stfold University College



Metodology

In this study, 46 prospective teachers enrolled in the primary
teacher education program (Grades 1-7), during their first
semester of teacher education, solved a set of tasks that
iIncluded four multiplication problems.

We analyzed the solutions to the multiplication tasks in order to
identify the strategies used by the prospective teachers.

The strategies were identified by a descriptive analysis inspired
by a qualitative thematic analysis, as described by Braun and
Clarke (2013) ([5]).
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The four tasks with a multiplicative structure, which constitute the
data material of the study, are presented in Table 1.

Task | Task description Mathematical content
9 In a forest, there are 4 birdhouses. There are 4 birds living in Multiplication
each birdhouse. How many birds live in the birdhouses? The multiplier and the multiplicand
are known
6 Two gingerbread cookies cost 8 kroner. You buy 4 gingerbread Proportionality
cookies. How much do you have to pay? The mulitple-batchs perspective
7 Two caterpillars eat 5 leaves per day. How many leaves are Proportionality
needed to feed 12 caterpillars for one day? The mulitple-batchs perspective
8 There are 6 pieces in a pack of chewing gum. How many pieces | Multiplication
are there in 3 packs of chewing gum? The multiplier and the multiplicand
are known

Table 1. The four tasks included in the study.
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Theoretical Framework

Our theoretical framework is based on the two situations for

multiplication identified by Greer (1992) ([14]) that are present in
this study:

* repeated addition with equal groups, and
* multiplicative change of quantities (proportionality).

Multiplication are defined by
a-b=p
multipler - multiplicand = product

the factor a represents the number of groups (the multiplier) and

the factor b represents the number of objects in each group (the
multiplicand).
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Hickendorff et al. (2019) ([6]) identify several solution strategies for
multi-digit multiplication, such as

sequential strategies, decomposition, variation strategies,
column-based methods, and standard algorithms for
multiplication.

Proportionality

Proportionality refers to a multiplicative relationship between
quantities represented in a situation and can be expressed
algebraicallyasy =m - x ([7])-

One dog two eyes, two dogs four eyes, ...
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Cramer and Post (1993) ([7]) describe four different solution
strategies for proportionality problems, two of which are included in

our theoretical framework:

* The unit-rate strategy involves determining the value of one
unit and then scaling it up to find the required quantity.

* The factor-of-change strategy involves solving the problem
through multiplication; for example: “It takes 20 minutes to
drive four miles. Since Mark is driving three times as far, it
should take three times as long. Therefore, the answer is 20
minutes times three, or 60 minutes” ([7]).
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Mathematical knowledge can be divided into two types: procedural
and conceptual knowledge ([18]).

Procedural knowledge of multiplication involves understanding
multiplication as repeated addition, for example interpreting 4 - 5 as
taking the number 5 fourtimes (5+ 5+ 5+ 5) ([19]).

Conceptual knowledge of multiplication, by contrast, involves:

1) understanding the concepts and mathematical content
associated with multiplication;

2) the ability to solve multiplication problems using a variety of
strategies and representations; and

3) the ability to retrieve basic multiplication facts directly from
memory ([20]).
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Analysis and results

The tasks solved by the students in our study fall between what the
literature refers to as single-digit arithmetic and multi-digit arithmetic
([6]). Consequently, we developed our own analytical tool, inspired by
the classification system proposed by Hickendorff et al. (2019) ([6]) for
multi-digit multiplication and by the solution strategies for
proportionality tasks described by Cramer and Post (1993) ([7]).

The analysis in this study is a descriptive analysis ([32]). In our case, the
students’ solutions to the four multiplication tasks constitute the units
of analysis. We reviewed the students’ solutions and searched for
patterns in the data in order to generate categories ([32]). The categories
identified through this process were: multiplicative, additive,

proportionality, unit-rate (“the way through 1”), other, and a category
for incorrect answers.
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Category Content
Multiplicative In this category, the students arrived at the answer by multiplying the numbers, that is,
strategy they used multiplicative reasoning. We did not distinguish between the two cases 3 x 6

=18 and 6 x 3 = 18 (example from Task 8), nor between the multiple-batches
perspective and the variable-parts perspective as described by Beckmann et al. (2013)

(171).

Additive strategy

In this category, the students add the multiplicand the number of times indicated by the
multiplier; that is, they write 4 + 4 + 4 + 4 = 16 instead of 4 x 4 = 16 (example from Task
5).

The factor of
change strategy

Here, the students solved the tasks by viewing the situation as two quantities increasing
simultaneously; for example, in Task 6, that when the number of gingerbread cookies is
doubled, the price is also doubled.

The unit-rate

This is illustrated, for example, in Task 7, by first determining how many leaves one

strategy caterpillar eats (5 + 2 = 2.5) and then multiplying this by the number of caterpillars (2.5
x 12 = 30).
Other This category includes alternative solution methods that are not mentioned above, for

example solutions based on illustrations (drawings). In this category, we also included
responses that did not contain any calculations.

Incorrect answer

We chose to place responses that resulted in incorrect answers in a separate category.
This category also includes incomplete responses, for example those in which a
calculation was set up but not carried out.

Table 2. Description of the categories used in the analysis.
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The analys gave us following results

Multiplicative | Additive The factor of The unit-rate Other Incorrect

o — ‘ strategy change strategy | strategy answer
5 o ° 0 87 4.4
Task e 19,6 17,4 30,4 13,0 19,6
Task 4.4 28,9 26,7 4.4 35,6
Ta; 2,2 0 0 6,7 2,2

Table 3. Pe pution across the different categories for each task.
Task | Task description Mathematical content
5 In a forest, there are 4 birdhouses. There are 4 birds living in Multiplication
each birdhouse. How many birds live in the birdhouses? The multiplier and the multiplicand
are known
8 There are 6 pieces in a pack of chewing gum. How many pieces | Multiplication
are there in 3 packs of chewing gum? The multiplier and the multiplicand
are known
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The analysis gave following results

Multiplicative | Additive The factor of The unit-rate Other Incorrect
strateg_y strateg_y change strateg_y strateg_y answer
Taﬁsk 84.8 8,7 L2
Task 0 13,0
6
Task
7 0 4.4
T“;K 88.9 6.7 ,

Table 3. Percentage distribution across the different categories for each task.

6 Two gingerbread cookies cost 8 kroner. You buy 4 gingerbread Proportionality
cookies. How much do you have to pay? The mulitple-batchs perspective
7 Two caterpillars eat 5 leaves per day. How many leaves are Proportionality
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Discussion and Didactic implications

In Task 5 and 8

* multiplicative strategy dominates, with over 80 % of the
prospective teachers using this approach ([7]).

* An additive solution strategy in multiplication involves solving
tasks through repeated addition, reflecting procedural
knowledge of multiplication. In Tasks 5 and 8, 2,2% of the
prospective teachers used repeated addition, while in Tasks 6
and 7 the corresponding percentages were 19,6% and 4,4%,
respectively. This suggests that these prospective teachers rely
on a primitive model of multiplication ([4]).
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In Tasks 6 and 7,

* 30,4% and 26,7% of the prospective teachers, respectively, used
the unit-rate strategy, which is the same strategy that Modestou
and Gagatsis (2009) ([31]) found to be commonly used by
students at the primary school level.

Based on the competence aims in LK20 ([1]), it is reasonable to
assume that the prospective teachers have been taught other
methods; nevertheless, they continue to use the same strategy, a
finding consistent with the study by Torma and Kosztolanyi (2025)

([30]).
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This suggests that strategy choice is not grounded in an
understanding of proportionality, a pattern also noted by Avcu and
Avcu (2010) ([29]) regarding the use of the cross-product algorithm.
In such cases, students rely on a learned method without a
meaningful reference to the context of the problem (cf. [7]).

In our study, this implies that the prospective teachers apply a
learned method even when it is not the most efficient.
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Our findings indicate that the prospective teachers primarily
possess a procedural knowledge of multiplication and
proportionality. This suggests that teacher education must be
changed to place greater emphasis on the development of
conceptual knowledge in of multiplication and proportionality.

One approach is to problematize the commutative property of
multiplication (a - b = b - a) by demonstrating how the factors
assume different roles when situated in context (cf. [15]; [17]). In
addition, instruction for prospective teachers should foreground
concepts and mathematical content in multiplication, promote the
use of varied strategies and representations, and support the
development of a broader foundation of multiplication facts ([20]).
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With regard to proportionality, instruction should likewise
foreground conceptual understanding. One possible approach isto
use examples that demonstrate that although the unit-rate strategy
can lead to correct answers, a strong understanding of
proportionality supports the selection of more efficient strategies
that preserve relationships.

This can be seen as analogous to solving multiplication problems
through repeated addition. To foster this understanding,
Instruction should provide opportunities for prospective teachers to
engage deeply with proportional functions and the role of the
proportionality constant. In this way, teacher education can
support the development of prospective teachers’ conceptual
knowledge of proportionality.
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Thank you!

Question?
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  𝒂


  𝒃


  y = m ⋅ x


  4 ⋅ 5


  a ∙ b = b ∙ a

